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Abstract—The influence of a deformational defect of the shear modulus on the melting of an ultrathin lubricant
film was investigated in the framework of the Lorenz model used for describing a viscoelastic medium. It was
established that the film can undergo both stepwise and continuous melting. Analysis of the lubricant behavior
revealed that there are three modes corresponding to a zero shear stress, a Hookean portion in the loading diagram, and a plastic-flow portion. The hysteresis in the dependences of the stationary shear stress on the strain
and the friction surface temperature is examined.
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1. INTRODUCTION
In recent years, the problem regarding the sliding
friction of smooth solid surfaces with a thin lubricant
film in between has attracted considerable attention of
researchers [1]. Experimental investigations of the
atomically flat mica surfaces separated by an ultrathin
lubricant layer have revealed that the lubricant layer
under specific conditions exhibits properties of a solid
[2]. In particular, Smith et al. [3] and Aranson et al. [4]
observed a stick-flip motion specific to dry friction.
This boundary mode arises in the case where the thickness of the lubricant film is less than four molecular
layers and is explained by the solidification under compression of the walls. Subsequent stepwise melting proceeds when the shear stress exceeds the critical value
due to the “shear-induced melting” effect. These films
are characterized by the yield stress, which is a characteristic of failure in solids.
In our previous paper [5], we proposed an approach
according to which the transition of an ultrathin lubricant film from a solidlike state to a liquidlike state
occurs as a result of the thermodynamic and shearinduced melting. A combined analytical description of
these processes, which proceed through the self-organization of shear-stress, strain, and temperature fields in
the lubricant film, was performed with allowance made
for both the additive noises of the above quantities [6,
7] and the correlated temperature fluctuations [8, 9].
However, the question as to the origin of stepwise
melting and the experimentally observed hysteresis
[10] remains open. In the present work, the conditions
under which these phenomena can be observed were
determined by analyzing the deformational defect of
the shear modulus in the framework of the Lorenz

model used for describing a viscoelastic medium [5]. It
was found that there are three stationary modes,
namely, two solidlike modes corresponding to dry friction and one liquidlike mode corresponding to sliding
friction. It was demonstrated that the crossover from
the solidlike mode to the liquidlike mode occurs in
accordance with the hysteresis of the dependence of the
stress either on the strain (during stepwise melting) or
on the temperature (when stepwise melting gives way
to a transition mode). Moreover, we analyzed the stability of the transition state and determined the parameters
of the system for which the hysteresis takes place.
2. BASIC EQUATIONS
In our previous study [5], the system of kinetic
equations that govern the mutually consistent behavior
of shear stresses σ and strains ε, as well as the temperature T, in an ultrathin lubricant film undergoing friction between atomically flat mica surfaces was obtained
using the rheological description of a viscoelastic
medium with thermal conductivity. Let us introduce the
units of measurement for the variables σ, ε, and T:
ρc v η 0 T c⎞ 1/2
- ,
σ s = ⎛ -------------------⎝ τT ⎠

σ
ε s = -----s- ,
G0

Tc .

(1)

Here, ρ is the lubricant density, cv is the specific heat
capacity, Tc is the critical temperature, η0 ≡ η(T = 2Tc)
is the characteristic value of the shear viscosity η, τT ≡
ρl 2cv /κ is the thermal conductivity time, l is the thermal
conductivity scale, κ is the thermal conductivity coefficient, τε is the strain relaxation time, and G0 ≡ η0/τε. The
aforementioned system of kinetic equations can be
written in the form
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τ σ σ̇ = – σ + g ( σ )ε,

(2)

τ ε ε̇ = – ε + ( T – 1 )σ,

(3)
2

τ T Ṫ = ( T e – T ) – σε + σ .

(4)

Here, we introduced the stress relaxation time τσ, the
temperature Te of atomically flat mica surfaces of friction, and the function g(σ) ≡ G(σ)/G0, where the stressdependent shear modulus of lubricant G(σ) is given by
the formula
G–Θ
G ( σ ) = Θ + ---------------------------β- ,
1 + ( σ/σ p )

β = const > 0.

(5)

At g(σ) = G/G0 ≡ const, relationship (2) is reduced to a
Maxwell-type equation describing a viscoelastic
medium via the replacement of ε/τσ by ∂ε/∂t. The Maxwell equation supposes the use of the idealized Hencky
model. In this model, the dependence of the stress on
the strain σ(ε) is represented by the Hooke law σ = Gε
at ε < εm and a constant σm = Gεm at ε ≥ εm, where σm
and εm are the maximum elastic shear stress and the
maximum shear strain in the Hookean portion, respectively [at ε > εm, there arises a viscous flow with a strain
rate ε̇ = (σ – σm)/η]. In actual fact, the dependence σ(ε)
involves two portions: the first (Hookean) portion is
characterized by a large slope determined by the shear
modulus G, and the second substantially flatter portion
of plastic strain has a slope governed by the hardening
coefficient Θ < G. It is clear that such a behavior means
that the shear modulus depends on the stress. In order
to take this into account, we used the simplest approximation (5), which describes the above crossover from
the elastic strain mode to the plastic strain mode. This
crossover occurs at characteristic values of shear
stresses σp and shear strains εp. It is should be noted that
structural phase transitions of a liquidlike lubricant
have been described with the use of third-order invariants, which violate the parity of the dependence of the
synergetic potential V on the stress σ. Therefore, the
linear term σ/σp(β = 1) rather than the quadratic term
(σ/σp)2(β = 2) [11] was used in approximation (5) and
the corresponding dependence V(σ) was not an even
function [5].
Expression (3) has the form of the corresponding
Kelvin–Voigt equation [5, 12], which has been widely
used in the theory of boundary friction and takes into
account the dependence of the shear viscosity on the
dimensionless temperature η = η0/(T – 1). It should be
noted that combination of relationships (2) and (3) represents a new rheological model, because they are
reduced to a second-order differential equation with
respect to the stress σ or the strain ε. Equation (4) is a
relationship for the thermal conductivity. This relationship describes the heat transfer from friction surfaces to
a lubricant film, the effect of dissipative heating of a
viscous liquid flowing under stresses, and the reversible
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mechanocaloric effect in the linear approximation.
Equations (2)–(4) formally coincide with the synergetic
Lorenz system [11, 13], in which the shear stresses play
the role of an order parameter, the conjugate field is
reduced to the shear strain, and the temperature is a
controlling parameter. As is known, this system has
been used for describing both thermodynamic phase
and kinetic transformations. It should also be noted that
the rheological properties of lubricant films have been
experimentally investigated and, hence, the corresponding data allow one to construct phase diagrams [2].
3. HYSTERESIS BEHAVIOR
The specific feature of relationship (5) is that it
describes a hysteresis upon melting of the thin lubricant
layer only in the σ–Te coordinates [5]. In this case, the
stress–strain curve σ(ε) is monotonic and can represent
only a continuous transition. However, experimental
data uniquely indicate that melting of molecularly thin
lubricant films has a stepwise character [2], although it
can occur according to the second-order phase transition mechanism. As will be shown below, the given feature can be described with replacing the dependence
g(σ) in formula (2) by the dependence g(ε) ≡ G(ε)/G0,
where
G–Θ
G ( ε ) = Θ + -------------------------β- .
1 + ( ε/ε p )

(6)

It should be noted that the parameter β > 0 determining
the potential behavior plays a key role.
Let us consider a stationary state in which the derivative in relationship (2) is equal to zero (σ̇ = 0) and the
stress σ in the lubricant remains constant. In this case,
we obtain an expression similar to the relationship
describing the Hooke law; that is,
σ = g ( ε )ε,
–1

θ –1
g ( ε ) = g θ ⎛ 1 + ------------------------β-⎞ ,
⎝
1 + ( ε/α ) ⎠

(7)

where we introduced the parameter θ = Θ/G < 1 determined by the ratio between the slopes of the Hookean
and plastic portions in the stress–strain curve and the
coefficients gθ = Θ/G0 < 1 and α = εp /εs. The dependence constructed using expression (7) at specific quantities α, gθ, and θ is depicted in Fig. 1. It can be seen
from this figure that two situations are possible: the
dependence σ(ε) is represented by an ascending monotonic curve at small parameters β (inset to Fig. 1) and
becomes nonmonotonic at parameters
1+ θ
β > ---------------- .
1– θ

(8)

The lubricant undergoes continuous melting in the
former case and stepwise melting in the latter case
when the stress increases to the point A and the system
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Fig. 1. Dependence of the stationary shear stress σ0 on the
strain ε0 [expression (7)] for parameters θ = 0.2, gθ = 0.1,
α = 0.3, and β = 3.0. The inset shows the corresponding
dependence for β = 1.0.

goes into the point B. A further increase in the stress is
accompanied by a monotonic increase in the strain and
the lubricant remains in a liquidlike state. As the stress
decreases, the lubricant to the point C retains a liquidlike structure and then abruptly transforms into a solidlike state and the system goes into the point D. With a
further decrease in the stress, the lubricant remains in
the solidlike state. Similar transitions are represented as
first-order phase transitions [14] between states that are
not true thermodynamic phases. These transformations
can be explained within the concept of shear melting
[4]. It should be noted that the described hysteresis
behavior was observed experimentally [10, 15].
By using expression (7), we can determine the
abscissas of the transition points A and C. As a result, it
becomes clear that the strain jump upon melting
increases with an increase in the coefficient α and that
0.
an increase in the parameter β leads to εA – εC
Therefore, at large parameters β (small coefficients α),
melting and solidification occur virtually at the same
strain (εA ≈ εC) but at different stresses σ. As in our earlier works [5–9], the shear stress will serve as the order
parameter: the lubricant is in a liquidlike state at σ > σA
and in a solidlike state at σ < σC. In the intermediate
range σC < σ < σA, the lubricant is unstable and can
exist in both states.
The dependence of the stationary shear stress σ0 on
the friction surface temperature Te is plotted in Fig. 2.
Below the critical temperature Tc0, the stresses in the
lubricant are absent (σ = 0) and the lubricant is in the
solidlike state. An increase in the temperature to the
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Fig. 2. Dependence of the stationary shear stress σ0 on the
friction surface temperature Te. The parameters are the same
as in Fig. 1.

point A results in an increase in the stress, which corresponds to the Hookean elastic portion in the stress–
strain curve depicted in Fig. 1, and, hence, the lubricant
remains in the solidlike state. With a further increase in
the temperature in the range TcA < Te < TcB (where the
temperatures TcA and TcB corresponds to the points A
and B, respectively), the stress remains constant and the
lubricant retains its structure. At temperatures above
TcB, the stress–strain dependence exhibits a plastic
behavior (see Fig. 1) and the lubricant transforms into a
liquidlike state. This corresponds to a liquid friction. As
the surface friction temperature decreases, the lubricant
remains in the liquidlike state to the temperature TcC,
then the stress remains unchanged to Te = TcD, and the
lubricant has a solidlike structure at temperatures below
TcD. The relationship for the critical temperature Tc0 can
be obtained from the condition ∂V/∂σ = 0 [where V is
the synergetic potential defined by formula (13)];
that is,
T c0 = 1 + θ/g θ ≡ 1 + G 0 /G.

(9)

In the temperature range TcD < Te < TcB, the lubricant
can be both in liquid- and solidlike states depending on
the prehistory of the system. In the range TcA < Te < TcC,
which is covered by the aforementioned temperature
range, the stationary stress remains constant. Most
likely, the equality σ0 = const is satisfied with an
increase in the temperature in the range TcA < Te < TcB,
because the energy should be transferred to the lubricant for melting. The stress remains unchanged in the
range TcD < Te < TcC with a decrease in the friction surPHYSICS OF THE SOLID STATE
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Substitution of expression (10) into formula (2) gives
the Landau–Khalatnikov equation
∂V
τ σ σ̇ = – ------∂σ
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with the synergetic potential
2

0.003

V

face temperature, because the lubricant should lose
energy in order to transform into the solidlike state. It is
believed that solidlike structures of the lubricant at temperatures below and above the point Tc0 should differ
from each other, since the transition between them proceeds through the second-order phase transition mechanism (Fig. 2).
In the adiabatic approximation τε  τσ and τT  τσ
[5], we can set τ ε ε̇ ≈ 0 and τ T Ṫ ≈ 0. As a result, from
relationships (3) and (4), we find
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σ

σ
V = ----- – g ( ε )ε dσ,
2

∫

1

V

0

where the dependence ε(σ) is given by relationship (10).
It should be noted that, in the temperature range TcA <
Te < TcC this potential does not lead to correct results,
because the model has an unstable solution that corresponds to a decrease in the stress with an increase in the
strain and does include the hysteresis. In order to determine the potential form in the aforementioned temperature range, relationship (2) is replaced by the equation
τ σ σ̇ = – σ + δ,

(14)

where δ is a constant stress. In the Landau–Khalatnikov
equation (12), the potential is defined by the expression
2

σ
V = ----- – δσ.
2

(15)

It can be seen that the potential depends only on the
stress σ; i.e., in the situation where the stress is retained
with a change in the temperature, the potential V
remains unchanged.
Figure 3a depicts the dependences of the synergetic
potential on the shear stress at constant friction surface
temperatures [according to the calculations with the use
of expression (13)]. Curve 1 corresponds to a temperature below the critical point Tc0. As can be seen from
Fig. 3a, this curve exhibits one zero minimum, the
stress in the lubricant is absent, and, hence, the lubricant is in a solidlike state. Curve 2 is calculated at a
temperature in the range Tc0 < Te < TcD and contains a
nonzero minimum, which corresponds to the Hookean
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Fig. 3. Dependences of the synergetic potential V on the
shear stress σ according to the calculations with the use of
(a) relationship (13) for temperatures Te = (1) 1.0, (2) 3.4,
and (3) 9.0 and (b) relationship (15) for the cases of (1)
solidification and (2) melting. The parameters are the same
as in Fig. 2.

portion in Fig. 1. This implies that the lubricant is also
in a solidlike state. Curve 3 is constructed at a temperature Te > TcB and is characterized by one nonzero minimum. Since the system under these conditions corresponds to the plastic-flow portion, the lubricant is in a
liquidlike state.
The transition between the first and second states
proceeds through the second-order phase transition
mechanism, because the zero minimum transforms into
a nonzero minimum. Since curves 2 and 3 are identical
in shape, the crossover between the corresponding friction modes should be interpreted as a kinetic transfor-
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mation rather than a phase transformation [14]. Therefore, the solidlike structure of the lubricant at temperatures below the critical point Tc0 is similar to the solid
state, whereas the solidlike structure at temperatures
above this point bears a resemblance to the liquid state,
but, on the whole, the lubricant is characterized by a
solidlike behavior. A further crossover to a liquid friction mode is attended by a decrease in the viscosity of
the lubricant, which begins to flow.
It should be noted that, in the range where the stress
remains constant between the solidlike and liquidlike
phases, the lubricant is in an intermediate state and has
a structure that differs from the structures of these
phases. The dependence of the synergetic potential calculated from expression (15) on the stress for the intermediate state is plotted in Fig. 3b. Curves 1 and 2 correspond to the straight lines CD (solidification) and AB
(melting) in Fig. 2, respectively. It can be seen from
Fig. 3b that the minimum of the potential upon transition to the solidlike structure is located higher than the
corresponding minimum upon transition to the liquidlike state. This means that the latter process is more stable. Since both states in the temperature range TcA <
Te < TcC can coexist at the same temperature Te, transitions can occur between these (unstable) phases. These
transitions lead to a stick-slip friction [16]. However,
consideration of this regime is beyond the scope of the
present work. As was shown above, the process represented by the straight line AB is more stable; i.e., there
exists a higher probability that the lubricant upon crossover between different friction modes is in the state corresponding to this straight line. The potentials corresponding to the temperature ranges TcD < Te < TcA and
TcC < Te < TcB, in the which the stress varies, are similar
to those represented by curves 2 and 3 in Fig. 3a,
respectively. It can be seen from Fig. 3b that, in these
ranges, the potential well in the case where the stress
remains constant is lower than the potential well in the
case where the stress varies as is shown in Fig. 2. Therefore, the transition state is more stable and the transformation proceeds via the aforementioned path according
to the hysteresis. However, three friction modes can
correspond to the same temperature in the AC region:
two transition modes and one unstable mode, which
directly follows from the model under consideration.
The instability of the last mode is associated with the
fact that, in this state, first, the potential is higher than
the potentials in both transition states and, second, the
stress decreases with an increase in the strain.

4. CONCLUSIONS
Thus, the above analysis demonstrated that the hysteresis observed upon melting of a thin lubricant film
can be described with allowance made for the deformational defect of the shear modulus. The main feature of
the lubricant behavior is that the lubricant melts and
solidifies at different values of the shear stress, which
plays the role of an order parameter. It was revealed that
the lubricant can be in two solidlike and one liquidlike
states and that the hysteresis is observed upon phase
transition between these states. The stability of the transition states upon melting and solidification was analyzed.
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