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Abstract—A friction pair is studied under lubricantfree dry friction, hydrodynamic, and boundary lubricant
conditions. It is shown that, in dry friction, the number of harmonics in the time dependence of the coordi
nate of the lower rubbing block decreases with increasing frequency of an applied periodic action until the
interacting surfaces stick when a critical frequency is exceeded. The surfaces then move together. The behav
ior of a friction pair with a lubricant made of a Newtonian fluid, pseudoplastic fluid, or dilatant nonNewto
nian fluid is analyzed in the hydrodynamic case. It is found that a pseudoplastic fluid or a boundary lubricant
leads a intermittent (stickslip) friction mode, which is one of the main causes of fracture of rubbing parts,
over a wide parametric range.
DOI: 10.1134/S1063784211050227

INTRODUCTION
The processes that occur during friction cannot be
described in terms of the classical mechanics because
of the complex physicochemical processes proceeding
in the contact zone of rubbing bodies. General tribol
ogy considers the following four basic types of friction:
dry friction, which exists during the interaction of rub
bing bodies without additional layers or lubricants;
fluid friction, which exists when a lubricant is present
between rubbing bodies; mixed friction, where dry and
fluid friction regions exist in the contact zone; and
boundary friction, when the lubricant thickness is
smaller than 10 atomic layers or two rubbing surfaces
separated by a lubricant layer interact with each other
due to asperities, roughness, and so on. Since bound
ary friction often appears during sliding friction [1], it
requires a separate investigation.
On the one hand, an extremely thin lubricant layer
in boundary friction gives no way of using a standard
hydrodynamic ideology for its description; on the
other hand, the complexity and diversity of this pro
cess hinder the development of a universal micro
scopic model. Therefore, researchers often use phe
nomenological models that can explain experimental
results [2–5]. Molecular dynamics simulation meth
ods are also widely used [6]. Although they obtain
good results, the description of any specific experi
mental situation requires a particular set of equations,
which makes it difficult to trace a general tendency.
Moreover, computer simulation cannot now describe
longterm processes because of computation limita
tions. With a phenomenological approach, we can
bypass these difficulties and relate the parameters of
microscopic theories to macroscopic measurements.
It should be noted that the boundary friction mode has
been extensively studied in recent years [7–10].

The authors of [4] proposed an approach that takes
into account dynamic and shear melting of a boundary
lubricant. This approach was used to study the effect of
basic parameter fluctuations on a system [11–13] and
to consider the cause of the hysteresis in melting of a
lubricant layer [14]. However, this approach is qualita
tive and can only trace general tendencies in the
behavior of the system. The purpose of this work is to
study a certain tribological system under dry, fluid, and
boundary friction conditions. The dry and boundary
friction conditions are shown to exhibit similar behav
ior in spite of radically different descriptions.
DRY FRICTION
We consider the tribological system shown in Fig. 1.
Here, two springs with stiffness coefficient K are con
nected to a block of mass M placed on rolls, whose
rolling friction is neglected. The second block is
located on the first block; load L is applied to the sec
ond block, and it moves due to external forces. In the
presence of interaction forces between the interacting
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Fig. 1. Schematic diagram of the tribological system.
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Fig. 2. Time t dependences of coordinates X, x and veloci
ties V, v at parameters A = 2 × 10–3 m, ω = 30 rad/s, L =
20 N, M = 0.6 kg, K = 7000 N/m, and μ = 0.5: (dashed
lines) X(t) and V(t) and (solid lines) x(t) and v(t).

surfaces of these blocks, the lower block moves when
the upper block moves, and the trajectory of the
former depends on the friction mode. Such a setup was
experimentally studied in [15], where a steel friction
pair is used as interacting surfaces and ISO 32 paraf
finic oil is used as a lubricant. The oil is continuously
supplied to the contact zone at a fixed rate.
Let X and V = X· be the upper block coordinate and
velocity, respectively, and x and v = x· be the lower
block coordinate and velocity, respectively. We con
sider the case where the upper block is set in motion
according to the cyclic law
(1)
X = A cos ( ωt ),
(2)
V = – Aω sin ( ωt ),
where A is the amplitude and ω is the cyclic frequency.
The equation of motion of the lower block is written in
the form [15]
(3)
Mx·· + 2Kx – F = 0,
where F is the friction force that moves the lower
block. Since dry friction without a lubricant is ana
lyzed, we assume that Amonton’s law [1]
(4)
F = μL sgn ( V – v ),
where μ is the friction coefficient, holds true. To take
into account the force direction, we introduced the
sign function defined in a standard manner,

1.0

1.2
t, s

1.4

Fig. 3. Time t dependences of relative displacement X(t) –
x(t) and relative velocity V(t) – v(t) of rubbing blocks cor
responding to those in Fig. 2.

⎧ 1, V > v
sgn ( V – v ) = ⎨
⎩ – 1, V < v

(5)

into Eq. (4). The result of numerical solution of
Eqs. (1)–(5) is shown in Fig. 2. The dashed line in the
upper panel shows the X(t) dependence of the upper
block coordinate (see Eq. (1)), and the solid line shows
lower block coordinate x(t). The x(t) curve has addi
tional harmonics, i.e., a more complex shape. The
curves in the lower panel illustrate the time depen
dences of the block velocities. There are long time
intervals in which these curves coincide; that is, the
block velocities coincide. These situations correspond
to the cases where the rubbing blocks “stick” to each
other, and their relative displacement is absent. When
velocities V and v do not coincide, the sliding friction
mode takes place.
Figure 3 additionally shows the time dependences
of the relative displacement of the blocks and their rel
ative velocity. Here, in the time intervals of sticking,
relative displacement X – x remains constant and rel
ative velocity V – v is zero. Thus, a periodic stick–slip
motion mode, which is characteristic of dry friction
without a lubricant under certain conditions, takes
place [1]. At the chosen parameters, the blocks stick to
each other four times in a full period, i.e., two times in
motion in each direction, and the obtained depen
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Fig. 4. Phase portrait of the system x· (x) at the parameters of Fig. 2 and frequencies ω = (a–f) 10, 20, 30, 50, 80, and 130 rad/s,
respectively. The number of harmonics decreases with increasing frequency.

dences are symmetric with respect to the motion
direction. The dependences in Figs. 2 and 3 are shown
under stationary conditions, and the system parame
ters do not change in time. In the calculations, we
chose zero initial values and the dependences are given
from a time t = 5T, where T is the period of function (1).
In this time, a steadystate motion mode is reached.
These dependences are shown for a time interval
Δt = 1.5T.
Note that the behavior of the system depends
strongly on load L applied to the upper block and fre
quency ω. The effect of these parameters and a num
ber of other parameters on dry friction without a lubri
cant was experimentally studied in [16]; therefore, we
will not dwell on this effect. Nevertheless, for general
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ity, we present stationary dependences in the x· (x)
phase plane (or v(x)), which are absent in [16].
Figure 4 shows the phase portrait of the system at
the parameters of Fig. 2 and various values of cyclic
frequency ω. It is clearly visible that the behavior of
the system becomes simpler as the frequency
increases, since the total number of harmonics
decreases. At a frequency ω = 130 rad/s, the surfaces
are stuck over the entire motion time, which is indi
cated by the shape of the corresponding phase portrait.
It exhibits the periodic motion according to Eq. (1).
Note that the third phase portrait was plotted at a fre
quency ω = 30 rad/s, which corresponds to the curves
shown in Fig. 2. Also note that all phase portraits apart
from the last portrait, which illustrates the case of
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complete sticking of the surfaces, are symmetric with
respect to the origin of coordinates. This finding is
related to the fact that the system at the initial stage
changes in all cases where slip moments takes place
and that a steadystate mode with symmetric depen
dences is reached. In this case, the surfaces are stuck at
the beginning of motion and the entire subsequent
time at ω = 130 rad/s, which prevents the system from
reaching a steadystate friction mode symmetric with
respect to the shear direction. The behavior at any
time depends on the initial position of rubbing blocks
(initial conditions in equations), since this position
remains the same in time.
FLUID FRICTION
If the two surfaces making up a friction pair are sep
arated by a lubricant layer whose thickness is an order
of magnitude larger than the microasperity height, we
have a hydrodynamic mode. According to the Newto
nian law, the friction force in this fluid mode is deter
mined as [17]
V
(6)
F = ηS ,
h
where η [Pa s] is the dynamic viscosity of the lubricant,
S [m2] is the contact area of the interacting surfaces,
h [m] is the lubricant layer thickness, and V [m/s] is
the viscous lubricant flow velocity. According to Eq. (6),
the hydrodynamic friction force is independent of load L.
However, the load also substantially affects the lubri
cant layer thickness and viscosity. The friction force in
the hydrodynamic mode is approximately two orders
of magnitude lower than the forces of boundary and
dry friction, all other things being equal. It follows
from Eq. (6) that force F is proportional to the relative
shear velocity of the interacting surfaces; however, this
situation takes place only for Newtonian fluids, whose
viscosity η depends only on the properties of the lubri
cant and its temperature. In [18], we studied the effect
of various temperature dependences of the viscosity on
the boundary friction conditions in terms of a rheolog
ical model [4].
The viscosity of a nonNewtonian fluid during its
flow depends also on the shear velocity gradient. Usu
ally, these are heterogeneous fluids consisting of large
molecules forming complex spatial structures, e.g.,
polymer lubricants, which are widely used in studying
boundary friction [7]. To calculate the lubricant strain,
we use the formula [17]
(7)
ε· = V
,
h
where ε is the relative strain. Then, we can rewrite
Eq. (6) in the form
(8)
F = ηSε· .
Usually, nonNewtonian fluids have complex η( ε· )
dependences. In particular, the viscosity of polymer
solutions and melts usually decreases with increasing

strain rate ε· (socalled pseudoplastic fluids); however,
the viscosity of a suspension of solid particles increases
with ε· (dilatant fluids). Therefore, for a qualitative
analysis, we use the simple approximation [17]
γ
η = kε· ,
(9)
where coefficient of proportionality k [Pa sγ + 1] is
introduced, in Eq. (8) and obtain
γ+1
γ+1
(10)
F = kSε·
= kS ⎛ V
⎞ .
⎝ h⎠
Note that γ < 0 for pseudoplastic fluids, γ > 0 for dila
tant fluids, and γ = 0 for Newtonian fluids (according
to Eq. (9), the viscosity is independent of the velocity
in this case).
For simulation, we use a formula for the friction
force in the form
γ+1

(11)
F = m sgn ( V – v ) V – v
,
where we introduce the coefficient of proportionality
kS
(12)
m = 
γ+1
h
(measured in Pa sγ + 1 m1 – γ), sign function (5), and rel
ative velocity V – v of the interacting surfaces.
Figure 5 shows the time dependences of the veloc
ity of the interacting blocks that were obtained as a
result of the joint numerical solution of Eqs. (2), (3),
(5), and (11). The three cases shown in Fig. 5 have the
same parameters apart from coefficient γ. Therefore,
we can analyze its effect on the behavior of the tribo
logical system. In the first case (upper panel), a non
Newtonian pseudoplastic fluid (γ = –2/3 < 0) was
chosen as a lubricant. For the chosen parameters, a
stick–slip mode takes place. Note that pseudoplastic
polymer lubricants are widely used for an experimen
tal investigation of boundary friction [10, 17] and that
they do exhibit the stick–slip mode in a certain
parameter range [10]. In the case of a usual Newtonian
fluid (central panel, γ = 0), the stable slip mode is
reached, which is indicated by a low value of v, and
the v(t) dependence changes according to the sine law,
as in the case of V(t) but with a phase shift. Additional
harmonics do not exist in the v(t) curve, since friction
force F (11) depends linearly on the relative surface
shear velocity at γ = 0. Finally, in the last case (lower
panel), a dilatant fluid (γ = 2/3 > 0) is used as a lubri
cant. The inset to Fig. 5 demonstrates that the v(t)
dependence in this case acquires a more complex
shape because of the nonlinearity of Eq. (11); however,
fluid friction occurs.
BOUNDARY FRICTION
In the previous sections, we analyzed the dry and
hydrodynamic friction modes, whose considerations
are similar and differ only in the dependences used to
determine friction force F. In the case of boundary
friction, the situation is not so simple, since the
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e
ε ii

e
( ε ij )2

are the first and second strain ten
Here,
and
sor invariants [19, 24],
e
n
(16)
ε ii = ,
λ eff + μ eff
e 2
e 2
1 τ 2
( ε ij ) =  ⎛ ⎞ + ( ε ii ) ,
2 ⎝ μ eff⎠

(17)

where n and τ are the normal and shear components of
the stresses acting on the lubricant from the interact
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100
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description of the state of lubricant requires an indi
vidual theory. In this work, we use the model [19]
based on the Landau theory of phase transitions [20].
One of the key points of this theory is the introduction
of excess volume parameter f, which appears due to the
chaotization of the structure of solids upon melting.
When f increases, the defect density in a lubricant
increases, and the lubricant passes into the kinetic
mode of plastic flow (liquidlike phase) due to the
transport of defects under applied stresses. Earlier,
such an approach was used to describe severe plastic
deformation processes [21–23].
We briefly present the main points of this theory,
leaving aside heat conduction processes, spatial heter
ogeneity, and entropy factors. As a result, we substan
tially decrease the number of parameters only weakly
changing the basic results. In addition, we take into
account the load applied to the upper block. Although
this point was not taken into account in [19], it has sig
nificant applied importance.
We first write the dependence of free energy Φ on
excess volume f in the form
2
3
4
(13)
Φ = Φ 0 – ϕ 0 f + 1 ϕ 1 f – 1 ϕ 2 f + 1 ϕ 3 f ,
2
4
3
where we take into account the dependences on the
e
invariants of strains ε ij and lubricant temperature T
for the lower expansion powers,
e 2
e 2
1
(14)
Φ 0 = Φ 0* +  λ ( ε ii ) + μ ( ε ij ) ,
2
e 2
e 2
ϕ 0 = ϕ *0 + 1 λ ( ε ii ) + μ ( ε ij ) + αT.
(15)
2
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Fig. 5. Time t dependences of velocities V and v at parameters
A = 2 × 10–3 m, ω = 50 rad/s, M = 0.6 kg, K = 5000 N/m, and
m = 25 Pa sγ + 1 m1 – γ. The panels located from top to bot
tom correspond to the values γ = –2/3, 0, 2/3: (dashed
lines) upper block velocity V and (solid lines) lower block
velocity v. The inset to the lower panel shows the enlarged
v(t) dependence.

1

ing surfaces.
The elastic stresses are written as [19, 25]
e
e
e
∂Φ
σ ij = e = 2μ eff ε ij + λ eff ε ii δ ij ,
∂ε ij
where we introduce elastic parameters

which decrease with increasing f in melting.
(18)

μ eff = μ – μf,

(19)

λ eff = λ – λf,

(20)

1 Shear stress τ is determined from Eq. (18) at i ≠ j, i.e., δ

ij = 0. In
the case of μeff = 0, term τ/μeff in Eq. (17) should be replaced by
2

2 ε ij , according to Eq. (18).
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0.8

2

We then apply the principle of minimization of
potential (13) and write an evolution equation for
parameter f in the form of the Landau–Khlatnikov
equation [20]. In an explicit form, this equation can be
written as [19]
2

2
3
n (λ + μ)
∂f
τ f  = ϕ 0 – ϕ 1 f + ϕ 2 f – ϕ 3 f – 2 ,
∂t
( λ eff + μ eff )

(21)

2 At f > μ/ μ , we should assume μ = 0; when f > λ/ λ , we should
eff
assume λeff = 0.
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Fig. 6. Time t dependences of coordinates X, x and veloci
ties V, v at parameters A = 1.4 × 10–6 m, ω = 30 rad/s, M =
0.7 kg, K = 1300 N/m, γ = –2/3, m = 0.05 Pa s1/3 m5/3,
S = 3 × 10–9 m, n = –106 Pa, and T = 290 K: (dashed lines)
X(t) and V(t) and (solid lines) x(t) and v(t).

where relaxation time τf is introduced. The appear
ance of the last term in Eq. (21) is related to the depen
dence of invariants (16) and (17) on parameter f, and
it is this dependence that takes into account the effect
of an applied pressure.
As shown in [19], stationary elastic strain
( V – v )τ ε
e
(22)
ε ij = ,
h
where V – v is the relative shear velocity and τε is the
Maxwell time of internal stress relaxation, appears in
the lubricant layer during shear.
The friction force is determined as [19]

1011 Pa, μ = 4 × 1011 Pa, ϕ *0 = 5 J/m3, ϕ1 = 1100 J/m3,
ϕ2 = 2700 J/m3, ϕ3 = 2070 J/m3, α = 0.45 J K–1/m3,
h = 10–9 m, τf = 0.01 Pa s, and τε = 10–8 s.
We now analyze the kinetics of melting of a bound
ary lubricant in terms of the tribological model shown
in Fig. 1. To this end, we simultaneously solve
Eqs. (1)–(3), (5), and (15)–(23). The corresponding
time dependences of the coordinates and velocities are
shown in Fig. 6. They exhibit the stick–slip mode
characteristic of boundary friction [10]. The behavior
of the system in this case is analogous to that shown in
Fig. 2 for dry friction without a lubricant. The only dif
ference is that, in the case of boundary friction, the
oscillation amplitude of the lower block is larger than
the amplitude of the upper block, which sets the
motion, at the chosen parameters. The response of a
rubbing system to an external action that is similar to
that shown in the upper panel in Fig. 6 was obtained in
[2]. This shape in [2] was related to the presence of the
third harmonic in the lubricant, which was established
experimentally [9]. The advantage of the situation
considered in this section over the situations consid
ered above is that this model takes into account the
effect of the lubricant temperature and the load
applied to the friction surface. In particular, the
authors of [19] analyzed the effect of temperature dur
ing shear of the upper interacting surface at a constant
velocity and predicted the stick–slip mode obtained in
this work in the hysteresis region.
CONCLUSIONS
With the proposed approach, we can describe the
effects that occur during the friction of two surfaces
under dry, fluid, and boundary friction conditions.
A periodic stick–slip mode of melting/solidification
of a lubricant is shown to take place in all situations. In
particular, this mode occurs under hydrodynamic
conditions over a wide parametric range for pseudo
plastic nonNewtonian fluids, in which viscosity
decreases with increasing velocity gradient. Our con
sideration makes it possible to trace the general ten
dencies in the behavior of rubbing systems operating
under radically different friction conditions.

γ+1

F = τS + m sgn ( V – v ) V – v
,
(23)
where coefficient m is calculated from Eq. (12). Note
that, as compared to hydrodynamic mode (10) and
(11), an additional elastic component determined by
the first term (τS) appears in Eq. (23) for the friction
force in the boundary lubricant mode. It follows from
Eqs. (18) and (22) that the sign of this term in Eq. (23)
is taken into account automatically, which does not
require the introduction of special sign function (5).
For further analysis, we use the experimental data
from [10] and choose the following parameters [19]:
Φ *0 = 20 J/m3, λ = 2 × 1011 Pa, λ = 108 Pa, μ = 4.1 ×
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