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INTRODUCTION

Boundary friction has been attracting the attention
of researchers for more than a decade. More than a
century ago, as early as in 1902, German scientist
Richard Hermann Stribeck experimentally derived
the dependence of the friction coefficient of a bearing
on the rotation velocity in the presence of a lubricant.
Subsequently, this dependence received the name of
the Hersey–Stribeck diagram. In the case of a thin
lubricant, the diagram shows the transition regime of
boundary friction early in the motion of the bearing.
According to the Hersey–Stribeck diagram, boundary
friction is characterized by a high friction coefficient
and, as a result, by elevated dissipation of mechanical
energy. This leads to overheating of rubbing parts,
which may eventually fail. Clearly, gaining a deeper
insight into boundary friction conditions is of great
applied significance. With the advent of advanced
instrumentation, it became possible to directly observe
complex processes occurring in the contact region [1,
2]. Recent experimental data [3–6] confirm and refine
many intuitive inferences drawn both by domestic
(Akhmatov, Epifanov, Deryagin, and others) and by
foreign scientists (Hardy, Beer, Bowden) of the last
century.

Under boundary friction conditions, the well�
known Amontons’ law often breaks. For example, in
Hardy’s experiments on friction between two plane
surfaces with an aromatic compound layer in between,
the static friction coefficient decreases with rising load
[7]. Hardy explains this effect, assuming that low pres�
sures effectively act as a multimolecular lubricant
layer, which is nonfluid unlike thick lubricants. It thus
can be supposed that there exist limiting internal
stresses above which the lubricant becomes fluid.

Hardy also concludes that a lubricant layer becomes
thinner with increasing pressure, as a result of which
the friction coefficient changes. In this way, Hardy
introduced the dependence of the friction coefficient
on the lubricant thickness. Exactly the same situation,
when the lubricant thickness has a critical influence on
friction conditions, is considered in this work. Hardy
in his works notes that the lubricant can be named as
neither a liquid nor solid. Today, researchers use the
terms “liquidlike and solidlike states,” which differ
from equilibrium thermodynamic states, since the
microrelief of rubbing surfaces considerably influ�
ences the lubricant, disturbing the symmetry of the
state [8, 9].

Although investigation of the boundary friction
conditions is of great scientific and fundamental sig�
nificance, no unified theory of boundary friction has
been developed to date. Because of the complexity of
processes occurring in the contact region, phenome�
nological models are often used [8, 10–13]. In addi�
tion, related experimental data are successfully
described by the methods of molecular dynamics [14–
16]. Specifically, a synergetic model was suggested [17,
18] in which a lubricant layer is assumed to melt fol�
lowing the mechanisms of dynamic and shear�
induced melting. Popov [8, 10] developed a thermody�
namic theory of boundary friction based on the Lan�
dau theory of second�order transitions [19]. In the lat�
ter, the shear modulus of the lubricant, which vanishes
in the liquidlike phase, is taken for the order parame�
ter. However, under the boundary friction conditions,
stepwise first�order phase transitions, which cause the
stick–slip friction mode to set in, typically occur [9,
12, 20]. In this connection, Lyashenko [22, 23] gener�
alized the Popov theory [8, 10] for the case when the
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first�order phase transition takes place. In [22, 23], the
specific situation of atomically smooth surfaces is ana�
lyzed. However, this situation is sometimes encoun�
tered in practice and is extensively studied experimen�
tally [5, 6, 9, 20]. This work, pursuing works [22, 23],
is aimed at theoretically studying the boundary fric�
tion conditions when rubbing surfaces have nanoscale
asperities. Since in practice friction surfaces are
almost always rough and inhomogeneous, such a con�
sideration will help to extend previous data and cover
a wider class of real tribological systems.

1. FREE ENERGY AND PHASE DIAGRAM

In the homogeneous case, the expression for the
free energy density of a lubricant layer in between two
solid surfaces can be represented in the form [8, 10,
22, 23]

(1)

where T is the lubricant temperature; Tc is the critical
temperature; εel is the shear component of elastic
strain; and α, a, b, and c are positive constants. Order
parameter ϕ is the amplitude of the periodic part of the
microscopic density function of the medium [8, 10].
Thus, the liquidlike phase of the lubricant has a con�
stant value of ϕ, ϕ0 = 0, whereas in the solidlike phase,
ϕ0 > 0. Here (unlike in [8, 10]), expansion (1) corre�
sponds to the model of the first�order phase transition
developed in [19, 22–24].

Since parameter ϕ is the density modulation, here�
inafter the range ϕ ≥ 0 will be considered. In expres�
sion (1), one can distinguish critical melting point Tc0

and critical solidification point  of the lubricant, Tc0

exceeding  (Tc0 > ) by a constant value depend�
ing on only expansion constants [22, 23],

(2)

(3)

In the temperature range  < T < Tc0, the curve ϕ0(T, εel)
exhibits a hysteresis, which is characteristic of first�
order phase transitions [22, 23]. Note that during
melting order parameter ϕ changes stepwise from con�
stant value ϕ0 = 0.5b/c to zero, whereas during solidi�
fication, ϕ grows from zero to ϕ0 = b/c [22, 23].

When surfaces are rubbing in the presence of a
lubricating layer, the lubricant experiences elastic
stresses σel, which are defined as the derivative of free
energy f given by (1) with respect to strain εel,

(4)

where shear modulus μ equals the order parameter
squared up to constant factor a [8, 10, 22, 23],
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The friction force, which offers resistance to the
motion of the surfaces, is given by the formula [12, 22,
23, 25]

(6)

where A is the contact area between rubbing surfaces,
h is the lubricant thickness, and k and γ are phenome�
nological parameters specifying the type of lubricant
[21, 26]. In particular, γ < 0 refers to the non�Newto�
nian pseudoplastic lubricant. The second term in (6)
describes viscous stresses, which exist only when the
surfaces move with relative velocity V ≠ 0. The friction
force appearing in formula (6) is proportional to the
contact surface area A and does not depend on the load
on the surface. This is because we are considering the
specific conditions of friction between two surfaces
with nanoscale asperities that are separated by a simple
nonpolar lubricant, the distance between them being
kept constant in motion. In this case, the surface area
of a real contact (contact through lubricant) is close to
the areas of the rubbing surfaces irrespective of the
applied pressure and formula (6) is applicable. Then,
the notion of the friction coefficient becomes mean�
ingless [27].

It was shown [12, 22, 23, 28] that when rubbing
surfaces move with relative velocity V, stationary elas�
tic strain arises in the lubricant layer,

(7)

where τ
ε
 is the Maxwell time of internal stress relax�

ation [8]. At τ
ε
 � 1, expression (7) can be used to

determine strain εel with a good accuracy. Using
expressions (2) and (3) for the temperatures with
regard to (7), one can derive similar expressions for the
critical velocities [22, 23],

(8)

(9)

Figure 1 shows the phase diagram of the lubricant.
It represents the temperature dependences of veloci�

ties Vc0 and . Above the curve for Vc0, the lubricant
is liquidlike (potential f(ϕ) has a single minimum at
ϕ = 0) and the sliding friction (SF) conditions set in.

At V < , the lubricant has a solidlike structure (the
potential has a single minimum at ϕ > 0) and friction
is dry (DF). In between the curves, potential f(ϕ) at
positive ϕ has both zero and nonzero minima with a
maximum between them. Thus, the state of the mate�
rial depends on initial conditions in this intermediate
interval. Figure 1 can be considered as the depen�
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dences of critical temperatures Tc0 given by (2) and 
given by (3) on shear rate V.

2. LUBRICANT MELTING KINETICS

The typical tribological system [8, 9, 20] the behav�
ior of which was studied in terms of the adopted model
earlier [23] is depicted in Fig. 2. Note that in our pre�
vious works rubbing surfaces were assumed to be
atomically smooth, whereas here we study boundary
friction between rough surfaces. The system shown in
Fig. 2 consists of a spring with stiffness K and mass M,
which slides over a surface covered by an h�thick lubri�
cant. Thickness h is a variable parameter, varying from
point to point in motion. The free end of the spring is
put in motion with fixed velocity V0. When the mass
slides over the surface, friction force F, which is deter�
mined from formula (6), arises between them.

Let us write the equation of motion of the mass
with coordinate X in the form [8, 9, 23]

(10)

where the parenthesized expression is extension ΔX of
the spring and t is the time of motion of its free end.
Equation (10) should be complemented by the Lan�
dau–Khalatnikov kinetic equation [23, 29],

(11)

which in the explicit form appears as

(12)
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Here, δ is the kinetic coefficient and ξ(t) is an addi�
tional stochastic term standing for small additive fluc�
tuations. These fluctuations should be taken into
account because of the specific features of subsequent
numerical calculation [22, 23]. In the simplest case,
process ξ(t) is represented as white noise with
moments

(13)
where intensity D of a stochastic source is everywhere
set equal to 10–25 s–1.

Figure 3 shows the friction surface relief generated
with the well�known hill algorithm. This algorithm
uses iterations, and its essence is the following. First, a
2D N × N array is created and filled with zero values.
The value of an element in the array is height z of a
given point on the surface, and the indices of an ele�
ment are the integer�valued coordinates of point
(x, y). Thus, we initially have a plane. Then, coordi�
nates (xr, yr) are randomly selected; moreover, they
can be selected outside the array (surface) as well.
At this step, one more random quantity, radius r of a
hill, is generated. Range r of random quantities con�
siderably influences the final relief of the surface.
Then, heights z are calculated for all elements (i.e.,
points (x, y) on the surface) of the array by the formula

(14)

If z(x, y) > 0, height z is added to the value of the
respective element, random point (xr, yr) and random
radius r are generated again, and the above procedure
is repeated. Let it be repeated n times. Note that
parameter n considerably influences the relief of the
surface obtained with the hill algorithm. After the pro�
cedure is complete, heights z of the surface are scaled
from 0 to 1 and the resulting surface is lowered down
to a zero level. This can be easily done by calculating
all heights z(x, y) according to the relationship

(15)

where zmin and zmax are the minimal and maximal val�
ues of z in the array before scaling. Surfaces depicted in
Fig. 3 were obtained in this way. The upper surface (on
the left) in the plane xy has 200 × 200 points; the lower
(on the right), 400 × 200. Random radius r was
selected from the interval 0–50 for both surfaces. The
number of iterations for the upper surface was n =
1000; for the lower surface, n = 2000 (the surface area
of the latter is twice as large). Coordinates xr and yr
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used to generate both surfaces were selected in the
range of the array; that is, both coordinates were taken
from the interval 0–199 for the upper surface and from
the intervals y = 0–199 and x = 0–399 for the lower
one. After the surfaces were thus constructed, each
value of z was squared to “lower” the edges of the sur�
faces and “raise” asperities relative to the normal pat�
tern.

Once the surfaces are generated, they should be
matched to the problem being considered. Since the
upper surface will slide over the lower one, all points of
the former should be inverted about the plane xy; that
is, all elements of the array should be rearranged
according to the relationship z := 1 – z. Then, crossing
between the surfaces should be avoided (the asperity
heights on the upper and lower surfaces fall into the
range 0–1). To this end, for each fixed coordinate y,
the minimal value of the height, zmin, is found on the
upper surface; the maximal value of the height, zmax, is
found on the lower surface; and the difference Δz =
zmin – zmax is determined. In this way, we obtain 200
values of Δz for all available axes y. The minimal value
of these differences, Δzmin, is selected, and the upper
surface is brought into contact with the lower one

along the path according to the relationship z := z –
Δzmin. Under these conditions, the surfaces will not
overlap when moving but will touch each other at some
points (at least at one). Next, each element of both
arrays on the surfaces is multiplied by l = 10–9 m, as a
result of which the upper surface rises by 0.5 nm
according to the substitution z := z + 0.5 × 10–9 m. Let
the linear size of the upper square surface be L = 1.2 ×
10–5 m. In this case, the area of this surface is A = L2 =
0.144 × 10–9 m2 and the distance between points along
the x and y axes is

(16)

Eventually, we have two surfaces with necessary sizes,
nanoscale asperities, and identical properties.

Figure 4 shows the scaled surfaces in the form of
height maps in which coordinates x and y stand not for
the number of points (as in Fig. 3) but for spatial coor�
dinates (in micrometers) and the lower left�hand angle
is taken for the point of reference. Shades of gray in the
legend to Fig. 3 indicate the values of heights on the
surfaces in nanometers. Since the upper surface was
inverted in preparation, its asperities now correspond
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to smaller values of z. Therefore, for bright areas in
Fig. 4 to correspond to asperities on both surfaces, the
heights increase from brighter areas to darker ones on
the left�hand surface and from darker areas to brighter
ones on the right�hand surface.

Let us consider the kinetics of the system depicted
in Fig. 2 when the surfaces shown in Fig. 4 act as upper
and lower rubbing surfaces. First, it is necessary to
numerically solve differential equations (10) and (12)
with regard to definitions (4)–(7) and (13). Since the
contact area contains 200 × 200 = 40 000 domains,
quantities h[i][j], εel[i][j], ϕ[i][j], σel[i][j], and F[i][j]
are determined at each step of numerical integration
for each domain separately. Here, i is the integer�val�
ued index of a point on the surface along the X axis and
j is the index corresponding to the Y axis (both indices
vary from 0 to 199). It is assumed that the lubricant
temperature T is constant for all domains; that is, we
consider an ultrathin lubricant, in which case excess
heat arising at motion in the contact zone, is rapidly
transferred to a friction surface (thermostat or envi�
ronment). It should be noted that, when the upper sur�
face moves, quantities h[i][j] vary, because these
heights are the distances between the respective points
on the upper and lower rubbing surfaces. This fact is
taken into account by introducing the integer�valued
variable

(17)

which describes the shift of the upper surface relative
to the lower one. Here, X is the coordinate of the upper
rubbing surface, which equals zero at the zero time
(t = 0), and Sx, y (see (16)) is the distance between sur�
face points along the X axis. Then, h[i][j] can easily be
determined as

(18)
where top[200][200] is the array of scaled heights on
the upper surface and bottom[400][200] is the array of
heights on the lower surface. From expression (18) it
follows that the upper surface shifts toward the X axis,
because coordinates Y (index j) on both surfaces
remain unchanged during motion. When solving
equation of motion (10), we will numerically solve dif�
ferential equation (12) at each time step separately for
each domain to find the current values of order param�
eter ϕ[i][j], which depend on the previous values of
array ϕ[i][j]. Initially (t = 0), all elements from array
ϕ[i][j] are assigned value ϕ0 = 0.5; that is, the lubricant
is assumed to be homogeneous in composition and be
in the solidlike state. Then, knowing the order param�
eters for all domains, their contribution to the friction
force is calculated by modified formula (6),

(19)

where A = L2 = 0.144 × 10–9 m2 is the surface area of
the contact introduced above and N2 is the total num�
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ber of domains. After quantities (19) are calculated,
the effective friction force is found as a sum of all ele�
ments of the array (a total of N2 = 40000 elements) and
this value is used to solve kinetic equation (10). Solv�
ing Eq. (10), one finds new values of X, V, and ΔX;
then, the procedure is repeated. In (19) velocity V is
not indexed, since the upper surface is perfectly rigid
and moves as a whole.

The above equations were numerically integrated
using the Euler iteration method [22, 23] with time
step Δt = 10–7 s. The iteration procedure lasts until
integer�valued shift variable s given by (17) becomes
equal to 200, that is, until the upper surface reaches
the end of the lower one. For the above values of the
parameters, this requires more than 9 × 107 iterations
and N2 = 40000 values of arrays h[i][j], εel[i][j], ϕ[i][j],
σel[i][j], and eventually F[i][j] must be calculated at
each iteration. This considerably slows down numeri�
cal calculation, making it unrealistic for present�day
PCs. However, since domains do not interact with
each other in the approach adopted, the values of the
arrays are also calculated independently at each step.
Therefore, we can apply the Compute Unified Device
Architecture (CUDA) parallel computing architecture
developed by NVIDIA in 2007 [30]. This architecture
is used for nongraphic computation with general�pur�
pose graphic processors of NVIDIA video adapters.
Since equation of motion (10) is calculated on a cen�
tral processor unit after total friction force F has been
numerically determined as a sum of partial friction
forces (see (19)), the frequency of the central proces�
sor unit considerably influences the time of numerical
calculation as well. We used an Intel Core 2 Quad
Q9400 central processor unit with a clock frequency of
2.66 GHz and a Palit GeForce GTX 570 Sonic
1280 MB video adapter having 480 general�purpose
processors with a clock frequency of 1.4 GHz. The
program execution time (the time taken to calculate
the dependences in Fig. 5) was 5 h 32 min.

The dependences obtained by solving the above
equations are shown in Fig. 5. At a given temperature,
the lubricant at rest (εel = 0) is solidlike. At the zero
time (t = 0), the free end of the spring starts uniformly
moving with velocity V0 = 1.4 μm/s. Initially, variable
s standing for shift is zero as a result of which the com�
ponents of friction force (19) grow with velocity V in
all domains. As the velocity grows, so do elastic strains
εel[i][j], which, in turn, increases elastic stresses
σel[i][j]. Since initially velocity V is much lower than
V0, the spring elongates and extension ΔX grows. With
time, coordinate X increases, variable s (17) becomes
other than zero, and h[i][j] is recalculated. This all dis�
turbs the periodicity of the dependences, which is par�
ticularly noticeable in the dependence V(t). For each
domain, the melting condition V > Vc0 will be fulfilled
at different instants of time, because critical velocity
Vc0 (8) is proportional to the distance between the
“planes” of surfaces h[i][j] bounding the respective
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domains. Therefore, at each instant of time, the lubri�
cant is solidlike at one site of the surface and liquidlike
at others. However, at some instants, motion velocity
V rises manifold, as follows from Fig. 5. Such a situa�
tion corresponds to complete melting of the lubricant,
since, when velocity V sharply grows, the condition
V > Vc0 is met in all domains. At melting, stresses σel[i][j]
vanish and slip velocity V of the upper mass rises,
because elastic components F[i][j] of the friction force
also vanish. In this situation, the mass rapidly travels a
large distance, as indicated by the increased slope of
the dependence X(t) after melting. Since now the mass
moves with velocity V far exceeding velocity V0 of the
free end of the spring, the spring shrinks and extension
ΔX, together with elastic force KΔX causing motion,

decreases. Again, the condition V <  in the domains
is met at different instants of time; therefore, an inho�
mogeneous domain structure forms at solidification. It
should be noted that the dependences depicted in Fig. 5
have a nearly periodic form but are not strictly peri�
odic, as also follows from investigations into the
behavior of rough surfaces interacting in motion with

Vc
0

regard to elasticity [31]. Note that the stick–slip
motion shown in Fig. 5 was described by Bowden and
Tabor as early as 50 years ago [32] in experiments on
the influence of the molecular height of polymers on
the friction coefficient.

Consider in greater detail switchover between the
kinetic conditions of sliding friction and dry friction.
Figure 6 plots the same time dependences of friction
force F and slip velocity V but within a limited time
interval. In this figure, the distribution of order param�
eter ϕ over the sliding surface at four instants of time is
shown. Coordinates x and y in Fig. 6 correspond to the
values shown in Fig. 4 for the upper rubbing surface.
Coordinates X of points on the upper rubbing surface
can be calculated as

(20)

where shift variable s (17) takes values of 161, 162, 174,
and 174 for the four increasing time instants in Fig. 6.
Let us analyze these data. It is seen from the depen�
dence F(t) that at t = 7.57 s the dry friction conditions
set in the system. In this case, the friction force is high
and motion velocity V is low. It is seen in the respective
spatial distribution ϕ(x, y) that the order parameter is
almost everywhere positive (ϕ > 0); however, there are
dark areas, where the lubricant is close to the liquidlike
state. Since the number of domains with a solidlike
lubricant many times exceeds the number of domains
with a liquidlike structure, the dry friction conditions
set in. At the instant t = 7.61 s, the sliding friction
arises, since the friction force drastically drops and the
sliding velocity grows. From the respective depen�
dence ϕ(x, y) it follows that ϕ ~ 10–14 throughout the
contact area, which meets selected intensity D (see
(13)) of white noise. Thus, all domains are in the mol�
ten state. At the next instant of time t = 7.73 s, friction
force F grows and sliding velocity V drops (a kink is
observed in the dependence V(t) at this instant of time
when F increases). That is, the dry friction conditions
are established in the system. However, some domains
are still in the liquidlike state, as follows from the
respective curve ϕ(x, y). Moreover, the number of
domains with the liquidlike structure (dark areas in the
dependence) even exceeds the number of solidlike
domains at this time instant. After complete solidifica�
tion (t = 7.74 s), ϕ > 0 in all domains but darker areas,
in which the shear modulus is lower, are observed in
the respective dependence ϕ(x, y). Note that depen�
dences ϕ(x, y) for the last two instants of time are char�
acterized by the same values of s, s = 174. This suggests
that the radical difference between these instants of
time is in relaxation processes in the lubricant, rather
than in sets of values of h[i][j]. If parameter s during
motions remains constant for a long time, the curve
ϕ(x, y) is fully controlled by the set of h[i][j] with other
parameters fixed. This is because for given kinetic
coefficient δ, order parameter ϕ rapidly relaxes to a
stable value determined by quantity h. However, the
relaxation time in tribological systems with nanometer
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Fig. 5. Friction force F (mN), coordinate X of the upper
mass (μm), and velocity V (μm/s) of the upper mass vs.
time t (s) for the same parameters as in Fig. 1 and k = 1.5 ×
105 Pa s1/3, γ = –2/3, δ = 100 J–1 m3/s, K = 600 N/m, M =
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lubricants may differ by several orders of magnitude
(depending on conditions) from that in systems with
thick lubricants. Therefore, if necessary, one can ade�
quately treat observations, such as the memory effects
(when the relaxation time many times exceeds the
observation time in experiments) by varying the value
of δ [9]. Note that the features of the time dependence
of the friction force shown in Fig. 6 (two post�melting
peaks) were described in detail elsewhere [23].

CONCLUSIONS

In this work, a theoretical model of boundary fric�
tion based on the Landau theory of phase transitions is
considered. The model makes it possible to represent
the stick–slip friction as periodically occurring first�
order phase transitions between the structural states of
an ultrathin lubricant film in between two solid sur�
faces with nanoscale asperities. It is found that during
friction between rough surfaces, the lubricant distrib�
uted over the area of the contact has a domain struc�
ture with liquidlike and solidlike portions variously
contributing to the total friction force. It is shown that
the time variation of the friction force for rough sur�
faces is not strictly periodic but has a nearly periodic
form in agreement with experimental data. Calcula�
tions were carried out with the CUDA parallel com�
puting architecture, which was developed by NVIDIA.
This architecture is now widely used for nongraphic

computation using a large number of general�purpose
graphic processors in advanced video adapters. Ear�
lier, we analyzed the behavior of indefinitely large
atomically smooth surfaces with uniformly distributed
lubricant properties. The results of this work obtained
using this relatively new technology extend data for
atomically smooth surfaces.
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